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Abstract
I derive a procedure to count chiral primary states in N = 1 superconformal field
theories in four dimensions. The chiral primaries are counted by putting the N = 1
field theory on S3 × IR. I also define an index that counts semi-short multiplets of the
superconformal theory. I construct N = 1 supersymmetric Lagrangians on S3× IR for
theories which are believed to flow to a conformal fixed point in the IR. For ungauged
theories I reduce the field theory to a supersymmetric quantum mechanics, whereas
for gauge theories I use chiral ring arguments. I count chiral primaries for SU(2) SYM
with three flavors and its Seiberg dual. Those two results agree provided a new chiral
ring relation holds.
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Contents
1 Introduction 3
2 Group Theory 5
2.1 The algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Chiral primaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 An index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3 Killing Spinors 10
4 Construction of the Field Theory 12
4.1 Chiral multiplets and the Wess-Zumino model . . . . . . . . . . . . . . 13
4.2 Vector multiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.3 Gauge invariant interactions . . . . . . . . . . . . . . . . . . . . . . . . 16
4.4 A twist . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
5 Ungauged theories 18
5.1 Reduction to quantum mechanics . . . . . . . . . . . . . . . . . . . . . 18
5.2 The canonical formalism . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.3 The free theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.4 The Wess-Zumino model and the chiral ring . . . . . . . . . . . . . . . 21
6 Gauge theories and the chiral ring 23
6.1 The chiral Ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
6.2 Seiberg duality for SU(2) super Yang Mills theory with 3 flavors . . . . 25
6.3 Seiberg duality in the conformal window . . . . . . . . . . . . . . . . . 27
A Some conventions 29
B Invariant forms and Killing vectors on SU(2) 30
2
1 Introduction
Recently there has been a lot of progress in understanding the AdS-CFT correspon-
dence [1, 2, 3, 4]. A big part of this progress was made by restricting the gauge theory
on S3 × IR to a BPS sector. In this BPS sector the gauge theory only the lowest har-
monics of the fields contribute to the partition function and the gauge theory simplifies
to matrix quantum mechanics.
In this paper I want to restrict my attention just to gauge theories on S3 × IR
without looking at the gravity side. I am considering the chiral sector of N = 1 field
theories. In flat space this sector is only partly described by quantum mechanics [5],
actually it is not quantum mechanics, but a matrix integral. On S3 × IR there is
one obvious correlation function that is calculated by doing a restriction to quantum
mechanics. This is the index1
ind(e−β) = tr(−1)Fe− 3β2 (H− 12J). (1.1)
This index counts semi-short multiplets of the superconformal algebra2. A similar
index is the Witten index [8], which is calculated for supersymmetric field theories on
T 3 × IR. The Witten index counts supersymmetric vacua in flat space as opposed to
BPS states.
In this paper, however, I am trying to develop a machinery for counting chiral
primaries, which are a subset of the semi-short multiplets. The chiral primaries saturate
a second BPS bound. There doesn’t seem to be an index counting those states.
It is in general hard to write down Lagrangians for N = 1 superconformal field
theories. Typically those theories are defined through some field theory in the UV
which is believed to flow to a superconformal fixed point in the IR. The matter content
and the superpotential in the UV define the universality class of the theory. The
chiral primaries of such theories are often written down in terms of gauge invariant
chiral operators made out of the lowest components of the chiral superfields in the
Lagrangian.
The index is a topological quantity and can be calculated in a weak coupling regime
in the UV using the Born-Oppenheimer approximation [9]. Similarly one can use the
1In the course of this work related work has been published [6]. Part of the results of this work
was presented in [7].
2I am thankful to Juan Maldacena, Shiraz Minwalla and Suvrat Raju for pointing out that this
index actually does not count chiral primaries as opposed to the claim which was made in the original
version of this paper.
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Born-Oppenheimer approximation to count the chiral primaries. In this approximation
method all chiral primaries actually correspond to gauge invariant chiral operators
made out of the lowest components of the chiral superfields in the Lagrangian. Under
the renormalization group flow some of the chiral primaries could disappear or new
chiral primaries could appear. Supersymmetry, however, should somewhat protect the
chiral primaries.
Typically, there are many relations in the chiral ring which can make the counting
of chiral primaries quite involved. Using those methods one can compare the spectra
of chiral primaries in superconformal field theories that are related by complicated
dualities like Seiberg duality, which act in very non trivial ways on the field content.
The paper is organized as follows: In section 2 I use an SU(2|1) subgroup of the
SU(2, 2|1) superconformal algebra to derive the BPS bound for chiral primaries and
prove the existence of an index. In section 3 I construct the Killing spinors on S3× IR
which are needed in section 4 to derive the field content and the Lagrangians of N = 1
supersymmetric field theories on this space. A similar approach has been used in [10] to
construct supersymmetric gauge theories on curved manifolds. Furthermore I perform
a twist on the field theory by replacing the Hamiltonian H by H − 3
2
J , where J is the
R-charge. As a warmup exercise I count chiral primaries for some ungauged theories in
section 5. To describe chiral primaries in a Born-Oppenheimer approximation I do a
consistent truncation of the field theory to some supersymmetric quantum mechanics
which has a mass term for the bosons only. The free theory turns out to be described
by a harmonic oscillator in a frame which is rotating at the frequency of the oscillator.
From this picture it is clear that there is an infinite degeneracy of zero energy states
corresponding to an infinite number of chiral primaries. For Wess-Zumino models
I use cohomology arguments to relate the chiral primaries to elements of the chiral
ring. Even though it is believed that most Wess-Zumino models are not flowing to
interacting fixed points this is a good warmup exercise for section 6 where I generalize
this formalism to describe chiral primaries in gauge theories. For gauge theories this
consistent truncation does not seem to work, but one can still use the chiral ring
arguments. As an example for an application of this I count the chiral primaries for an
SU(2) SYM with 3 flavors and its Seiberg dual, which is just a Wess-Zumino model.
The the results on both sides of the duality agrees, however a new chiral ring relation
in the SYM is required to truncate the powers of the gaugino bilinears S at first order
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already instead of the well known perturbative relation [11]
S2 = 0 (1.2)
which truncates the powers of S at second order.
This method could also be used to count BPS states that preserve 6 supersymme-
tries in theories with extended superconformal symmetry (see e.g. [6]). Or in theories
with adjoint or bifundamental matter like [12, 13]. In those applications there exists a
large N limit and a gravity dual. One would then count BPS geometries.
2 Group Theory
2.1 The algebra
The N = 1 superconformal group in four dimensions is SU(2, 2|1), which contains
SU(2, 2) × U(1)R as maximal bosonic subgroup. The supersymmetry generators Q
transform in the 41 and their Hermitean conjugates Q
† in the 4¯−1.
We want to put a four dimensional N = 1 superconformal field theory on IR × S3
which is the boundary of AdS5 in global coordinates. The subgroup of the conformal
group consisting of isometries of IR×S3 is U(1)×SO(4). The supersymmetry generators
decompose as follows
SU(2, 2)× U(1)R → SU(2)l × SU(2)r × U(1)× U(1)R
41 → (2, 1) 1
2
,1 ⊕ (1, 2)− 1
2
,1
4¯−1 → (2, 1)− 1
2
,−1 ⊕ (1, 2) 1
2
,−1
(2.1)
Let H , Ji and J˜i be the Hermitean generators of the isometry group SU(2)l ×
SU(2)r×U(1). The off diagonal blocks in SU(2, 2) are the conformal generators3 Kαβ˙
3The undotted lower case Greek indices refer to the SU(2)l and the dotted lower case Greek indices
refer to the SU(2)r.
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and (Kαβ˙)
†. In this basis the conformal algebra is given by
[H,H ] = 0,
[H, Ji] = 0,
[H, J˜i] = 0,
[H,Kαβ˙] = −Kαβ˙
[Ji, Jj] = iǫijk Jk,
[Ji, J˜j] = 0,
[Ji, Kαβ˙] = Kγβ˙ σ
iγ
α,
[J˜i, J˜j] = iǫijk J˜k,
[J˜i, Kαβ˙] = Kαγ˙ σ
iγ˙
α˙,
[Kαβ˙ , Kγδ˙] = 0,
[Kαβ˙, (Kγδ˙)
†] = δγα δ
δ˙
β˙
H − 2δγα σi(P )δ˙ β˙ J˜i − 2σi(P )γα δδ˙β˙ Ji
(2.2)
where σi(P )
α
β and σ
i
(P )
α˙
β˙ are the Pauli matrices.
To construct the N = 1 superconformal algebra, one has to add the Hermitean
generator J of the U(1)R symmetry. J commutes with all other bosonic generators.
Finally the supersymmetry generators are Qα which transform in the (2, 1)− 1
2
,−1 and
Sα˙ which transform in the (1, 2)− 1
2
,1 together with their Hermitean conjugates (Qα)
†
and (Sα˙)
†. The bosonic generators have the following commutation relations with the
supercharges:
[H,Qα] = −12Qα, [H,Sα˙] = −12Sα˙,
[J,Qα] = −Qα, [J, Sα˙] = Sα˙,
[Ji, Qα] = Qβ σ
i
(P )
β
α, [Ji, Sα˙] = 0,
[J˜i, Qα] = 0, [J˜i, Sα˙] = Sβ˙ σ
i
(P )
β˙
α˙,
[Kαβ˙ , Qγ] = 0, [Kαβ˙ , Sγ˙] = 0,
[(Kαβ˙)
†, Qγ] = δαγ (Sβ˙)
†, [(Kαβ˙)
†, Sγ˙] = δ
β˙
γ˙ (Qα)
†,
(2.3)
The anti-commutation relations between the supercharges are:
{Qα, Qβ} = 0,
{Sα˙, Sβ˙} = 0
{Qα, (Qβ)†} = δβα (H − 32J)− 4σi(P )βα Ji,
{Sα˙, (Sβ˙)†} = δβ˙α˙ (H + 32J)− 4σi(P )β˙ α˙ J˜i,
{Qα, Sβ˙} = −2Kαβ˙ ,
{Qα, (Sβ˙)†} = 0.
(2.4)
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The coefficients in those anticommutation relations can be fixed by imposing the Jacobi
identity and using (A.2).
2.2 Chiral primaries
There are important constraints from the unitatrity of representations of the supercon-
formal group. We choose to label states by their quantum numbers under the isometry
group together with the U(1)R symmetry. From the commutation relations of the
other generators with the Hamiltonian H it follows that Kαβ˙, Qα and Sβ˙ are lowering
operators, whereas their Hermitean conjugates are raising operators.
A primary operator is an operator that is annihilated by all the lowering operators.
i.e. it is a state of lowest energy in a representation of the superconformal group. All
other states in the same representation can be reached by applying raising operators and
operators in the isometry group. A primary operator specifies a whole representation.
From the anti-commutation relations of the supercharges one can derive very im-
portant unitarity bounds
−H ≤ 3
2
J ≤ H. (2.5)
Let us now concentrate on states |ψ〉 that saturate the right inequality. Those states
are called chiral primary states. It is not hard to derive from the anti-commutation
relations (2.4) that |ψ〉 satisfies
Qα|ψ〉 = (Qα)†|ψ〉 = Ji|ψ〉 = 0. (2.6)
Furthermore the state Sα˙|ψ〉 violates the unitarity bound and has to vanish. For this
reason we get
Sα˙|ψ〉 = Kαβ˙|ψ〉 = 0. (2.7)
This implies that |ψ〉 is a primary operator which is also annihilated by the raising
operators (Qα)
†.
Finally it is not hard to derive a bound on the J˜i quantum numbers which implies
that |ψ〉 can have maximally spin H under the SU(2)r. Since there are typically
infinitely many chiral primaries in a superconformal field theory it is useful to count
them weighted by their conformal weight
Zχ(x) = trχx
H , (2.8)
where x = e−β .
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2.3 An index
The superconformal algebra has a Z2 outer automorphism (−1)F which leaves all the
bosonic symmetry generators invariant, negates all the supercharges and maps unitary
representations to themselves. This suggests the existence of an index tr(−1)F . How-
ever, since the number of states is infinite, we need to introduce a regulator. In order
for exact cancellations between Bosons and Fermions to happen, the regulator has to
commute with some of the supercharges. There are two such regulators
e−
3β
2
(H− 1
2
J) and e−
3β
2
(H+ 1
2
J). (2.9)
Because of the BPS bound it is easy to see that
3
2
(
H ± 1
2
J
)
≥ H (2.10)
which shows that the two regulators are good regulators for β > 0.
Let us concentrate on the first regulator. It commutes with H , J , Ji, J˜i, Qα and
(Qα)
†. Those generate the subgroup SU(2|1)l × SU(2)r × U(1) ∈ SU(2, 2|1).
The SU(2|1)l is generated by H ′ = H− 32J , Ji, Qα and (Qα)†. Representations can
be split up into representations of SU(2)l×U(1)h′ . Irreducible unitary representations
can be labeled by the SU(2)l × U(1)h′ representation (h′, jl) with the lowest h′, they
have to satisfy the BPS bound
2jl ≤ h′. (2.11)
There are three types of representations of SU(2|1)l (For a more general approach
to representation theory of supergroups using Young tableaux see [14]):
• Long representations satisfy 2jl < h′. They contain three or four SU(2) × U(1)
representations:
(h′, 0)⊕ (h′ + 1, 1
2
)⊕ (h′ + 2, 0)
and
(h′, jl)⊕ (h′ + 1, jl − 12)⊕ (h′ + 1, jl + 12)⊕ (h′ + 2, jl).
(2.12)
The index of a long representation vanishes.
• Short representations satisfy 2jl = h′, h′ ≥ 1. They contain two SU(2) × U(1)
representations:
(h′ = 2jl, jl)⊕ (h′ + 1 = 2jl + 1, jl − 1
2
). (2.13)
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The index of a short representation is ±1. One can associate a semi-long multi-
plet of SU(2, 2|1) to those states [15], this corresponds to a semiconserved or a
conserved superfield.
• The trivial representation satisfies h′ = jl = 0, the index is ±1. As shown in the
last section this corresponds to chiral representations of SU(2, 2|1).
For a short representation one gets h− 3
2
j = 2jl. For this reason
ind(e−β) = tr(−1)F e− 3β2 (H− 12J) (2.14)
counts the number of semi-short representations weighed by h+ jl together with chiral
primaries weighted by their conformal dimension. It is easy to see that inserting the
other regulator into the trace would count short multiplets and anti-chiral primaries,
where the shortening is due to a BPS bound involving jr, the quantum number under
SU(2)r.
Finally, the SU(2)r generators commute with the supercharges Qα and (Qα)
† and
one can restrict the index to specific representations of SU(2)r
4:
ind(e−β , jr) = trjr(−1)F e−
3β
2
(H− 1
2
J) (2.15)
An implication of this for local conformal field theories is: The SO(3) rotations on S3
around a given fixed point are generated by the diagonal subgroup of SU(2)l×SU(2)r.
Since the chiral primaries are singlets under SU(2)l the SU(2)r quantum number is
actually the spin of the chiral primary state. Using the spin statistics theorem one can
argue that all chiral primaries contributing to the index have fermion number (−1)2jr .
If the theory has more internal symmetries, the generators of those can be inserted
in the trace as well.
To define the index actually only the SU(2|1) subalgebra of the full conformal
group was used5. For this reason the index can be defined for theories which are not
conformal. This allows to compute the index in a non conformal field theory in the
UV, which flows to a conformal fixed point in the IR.
The SU(2|1) is very similar to the supertranslation algebra. Indeed the supertrans-
lation algebra is a Ino¨nu¨-Wigner contraction of SU(2|1). The bosonic generators of
4This can be done by inserting the quadratic Casimir J˜iJ˜i of SU(2)r into the trace.
5Actually only the subalgebra generated by H − 3
2
J − 2J3, Q1 and (Q1)†, i.e. SU(1|1) is needed
to define the index.
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SU(2|1) correspond to translations of S3 × IR on which the theory is defined and the
contraction is the large volume limit of the sphere. The index that is defined above is
actually very similar to the usual Witten index [8] which is defined on T 3× IR and uses
the supertranslation algebra as supersymmetry group. However, the Witten index is
counting vacua of the theory in flat space as opposed to semi-short representations.
3 Killing Spinors
In order to calculate any of the quantities defined in the last section in an actual field
theory we need to derive the classical Lagrangians for supersymmetric field theories
on S3 × IR. In a local field theory, the symmetries are generated by local currents.
Space time symmetries are generated by vector fields, whereas internal symmetries are
generated by scalars with values in the Lie algebra of the internal symmetry group.
Supersymmetries are generated by Grassmann valued spinor fields, the Killing spinors.
Because of the appearance of anomalous dimensions it is in general impossible to
construct classical Lagrangians on IR × S3 which preserve the whole superconformal
symmetry. However one can construct classical Lagrangians on IR×S3 which preserve
the isometry group, the U(1)R symmetry and half of the supersymmetries. For this
purpose it is useful to introduce the anti-Hermitean operators
δ
(H)
K0
= iK0H, δ
(Ji)
Ki
= iKiJi, δ
(J˜i)
K˜i
= iK˜iJ˜i, and δ
(J)
Σ = iΣJ (3.1)
which generate the preserved Bosonic symmetries and the anti-Hermitean operators
δ
(Q)
ζˆ
= iζˆαQα + i(ζˆ
α)∗(Qα)
†, (3.2)
which generate the preserved supersymmetries. Note that ζˆα are Grassmann numbers.
The bosonic isometry algebra U(1) × SU(2)l × SU(2)r can be realized by Killing
vector fields on IR× S3
K0∂t, K
iσ
(L)
i and K˜
iσ
(R)
i , (3.3)
where the left and right derivatives are defined in appendix B. Those Killing vector
fields act on the fields by through appropriately covariantized Lie derivatives. The
U(1)R symmetry is realized by a constant real scalar field on IR × S3. It acts on the
fields through multiplication weighed by an appropriate charge.
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In order to construct a supersymmetric field theory on IR×S3, let us first construct
the Killing spinors ζ which generate the supersymmetries. The commutation relations
between the bosonic symmetry generators and the supersymmetry generators
[δ
(H)
K0
, δ
(Q)
ζˆ
] = δ
(Q)
− iK0
2
ζˆ
, (3.4)
[δ
(Ji)
Ki
, δ
(Q)
ζˆ
] = δ
(Q)
iKiσi ζˆ
, (3.5)
[δ
(J˜i)
K˜i
, δ
(Q)
ζˆ
] = 0 (3.6)
[δ
(J)
Σ , δ
(Q)
ζˆ
] = δ
(Q)
−iΣζˆ (3.7)
imply a linear action of the bosonic symmetry generators on the Grassmann parameters
ζˆ.
On the other hand the parameters ζˆ should be mapped to the corresponding Killing
spinors ζ by a linear map M . One can come up with a natural action of the bosonic
symmetries on the Killing spinors. The requirement that the diagram
ζˆ −→ g · ζˆ
↓ ↓
ζ −→ g · ζ
(3.8)
commutes implies the Killing spinor equations.
To deal with spinors on IR× S3 we set up a vielbein
e0 = R1 dt and e
i = R2 σ
i
(R), (3.9)
the gamma matrix conventions are defined in appendix A. The relative normalization
of the two constants R1 and R2 cannot be fixed by the isometry algebra. It can be
determined by conformal invariance or as we will see in the next section through the
supersymmetry algebra.
In this frame the action of the bosonic symmetries on the Killing spinors can be
realized by
R(δ
(H)
K0
) ζ = K0∂tζ, (3.10)
R(δ
(Ji)
Ki
) ζ = Ki
(
σ
(L)
i +
1
8
ǫijkγ
jk(1l + γ5)
)
ζ, (3.11)
R(δ
(J˜i)
K˜i
) ζ = K˜i
(
σ
(R)
i +
1
8
ǫijkγ
jk(1l− γ5)
)
ζ, (3.12)
R(δ
(J)
Σ ) ζ = −iΣζ. (3.13)
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For δ
(H)
K0
and δ
(J˜i)
K˜i
the commutativity of the diagram (3.8) implies the Killing spinor
equations (
∂t +
i
2
)
ζ = 0, (3.14)(
σ
(R)
i +
1
8
ǫijkγ
jk(1l− γ5)
)
ζ = 0. (3.15)
Those equations are integrable and have a 4 dimensional solution space. In order to
find an isomorphism to the Grassmann parameters ζˆ , we need to restrict the Killing
spinors to have positive chirality
γ5ζ = ζ, (3.16)
which implies that
σ
(R)
i ζ = σ
(L)
i ζ = 0. (3.17)
The commutativity of the diagram (3.8) for δ
(J)
Σ transformations is automatically
satisfied. The action of δ
(Ji)
Ki
on Killing spinors is actually given by
R(δ
(Ji)
Ki
) ζ =
Ki
4
ǫijkγ
jkζ. (3.18)
The commutativity of the diagram (3.8) then implies that the isomorphism M is given
by
ζ = M · ζˆ = e− i2 t
(
ζˆ
0
)
. (3.19)
This result can also be derived by restricting the Killing spinors on AdS5 in global
coordinates to the boundary as is done in [16].
4 Construction of the Field Theory
The first step in constructing a supersymmetric field theory is to find an action of
the Killing spinors on fields, such that the anti-commutation relations between the
supercharges are satisfied. The relevant anti-commutation relation for realizing the
supersymmetry transformations is
[δ
(Q)
ζˆ1
, δ
(Q)
ζˆ2
] = −2δ(H)
Im (ζˆ†1 ζˆ2)
+ 3δ
(J)
Im(ζˆ†1 ζˆ2)
+ 8δ
(Ji)
Im(ζˆ†1σ
i
(P )
ζˆ2)
. (4.1)
Because the closure of the supersymmetry algebra contains internal symmetries it is
hard to use a superspace approach like in [17] to this problem instead I will use a
component field approach.
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4.1 Chiral multiplets and the Wess-Zumino model
Like in flat space, a chiral superfield consists of a complex scalar φ, a chiral fermion ψ
and an auxiliary complex scalar F . They can be put together as a vector (φ, ψ, F ). This
chiral multiplet has to transform as a linear representation of the symmetry algebra.
For the beginning we assume that the chiral multiplet is not gauged. Then it transforms
under the Bosonic symmetries as
δ
(H)
K0
(φ, ψ, F ) = (K0∂tφ,K
0∂tψ,K
0∂tF ), (4.2)
δ
(Ji)
Ki
(φ, ψ, F ) = (Kiσ
(L)
i φ,K
i(σ
(L)
i +
1
4
ǫijkγ
jk)ψ,Kiσ
(L)
i F ), (4.3)
δ
(J˜i)
K˜i
(φ, ψ, F ) = (K˜iσ
(R)
i φ, K˜
iσ
(R)
i ψ, K˜
iσ
(R)
i F ), (4.4)
δ
(J)
Σ (φ, ψ, F ) = (−iqΣφ,−i(q − 1)Σψ,−i(q − 2)ΣF ). (4.5)
In the presence of many internal U(1) symmetries the conformal R-charge q of a chiral
multiplet at the conformal fixed point can be determined using a-maximization [18].
The supersymmetry transformation has the form
δ
(Q)
ζˆ
(φ, ψ, F ) =(
ζ˜ψ,
(
∂t +
3iq
2
)
φ γ0ζ⊙ − 2σ(L)i φ γiζ⊙ + ζF,−iζ¯γ0
(
∂t + i
3q−5
2
)
ψ + 2iζ¯γiσ
(L)
i ψ
)
.
(4.6)
Using identities from appendix A one can show that those transformations close ac-
cording to (4.1).
It is not hard to verify that the Lagrangians
L0 =
(
∂t − i3q−22
)
φ∗
(
∂t + i
3iq−2
2
)
φ− 4σ(L)i φ∗σ(L)i φ− φ∗φ
+iψ¯γ0
(
∂t + i
3q−2
2
)
ψ − 2iψ¯γi
(
σ
(L)
i +
1
8
ǫijkγ
jk
)
ψ + F ∗F,
LW = W ′(φ)F − 12W ′′(φ)ψ˜ψ + h.c.
(4.7)
with
W ′(φ) = cφ−
q−2
q (4.8)
are supersymmetric. As expected the superpotential W (φ) has to have R-charge 2.
The kinetic terms in L0 fixes the relative normalization of the two vielbein coefficients
R1 and R2 to be
R1 = −2R2 = R. (4.9)
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4.2 Vector multiplets
A vector multiplet contains a gauge field Aµ a chiral fermion λ, the gaugino, and a real
auxiliary field D all with values in the Lie algebra of the gauge group6. The gaugino
and the auxiliary field transform in the adjoint representation of the gauge group. Let
the gauge field be
A = A0 dt+Ai σi(R) (4.10)
Then the gauge field strength is
F = dA+A∧A (4.11)
= dt ∧ σi(R)(∂tAi − σ(L)i A0 +A0Ai −AiA0) (4.12)
+
1
2
σi(R) ∧ σj(R)(σ(L)i Aj − σ(L)j Ai + ǫijkAk +AiAj −AjAi). (4.13)
This allows to read off the components
F0i = 1
2
(∂tAi − σ(L)i A0 +A0Ai −AiA0), (4.14)
Fij = 1
2
(σ
(L)
i Aj − σ(L)j Ai + ǫijkAk +AiAj −AjAi). (4.15)
The appropriate gauge covariant derivatives are
DF = dF +A ∧F − F ∧ A, (4.16)
D0λ = ∂tλ+A0λ− λA0, (4.17)
Diλ = σ(L)i λ+Aiλ− λAi, (4.18)
DD = dD +AD −DA. (4.19)
The Bianchi identity is
DF = 0, (4.20)
which implies
DiFj0 +DjF0i +D0Fij = ǫijkF0k and ǫijkDiFjk = 0. (4.21)
Gauge transformations are generated by a Lie algebra valued generator Λ as follows
δ
(g)
Λ A = dΛ +AΛ− ΛA, (4.22)
δ
(g)
Λ F = FΛ− ΛF , (4.23)
δ
(g)
Λ λ = λΛ− Λλ, (4.24)
δ
(g)
Λ D = DΛ− ΛD. (4.25)
6I am using anti Hermitean Lie algebra generators.
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The vector multiplet (A, λ,D) has to transform in a gauge covariant way under the
bosonic symmetries. Looking at the expressions for the components of the gauge field
strength the natural transformations are
δ
(H)
K0
(A0,Ai, λ,D) = (0, 2K0F0i, K0D0λ,K0D0D), (4.26)
δ
(Ji)
Ki
(A0,Ai, λ,D) = (2KjFj0, 2KjFji, Kj(Dj + 1
4
ǫjklγ
kl)λ,KiDiD), (4.27)
δ
(J)
Σ (A0,Ai, λ,D) = (0, 0,−iΣλ, 0). (4.28)
Note that it is harder to write down the gauge covariant transformation law under δ
(J˜i)
K˜i
in the frame we chose. Since we won’t need this transformation law, we will not write
it down. The supersymmetry transformations
δ
(Q)
ζˆ
A0 = 2Re(ζ¯γ0λ), (4.29)
δ
(Q)
ζˆ
Ai = −Re(ζ¯γiλ), (4.30)
δ
(Q)
ζˆ
F0i = DiRe(λ¯γ0ζ)− 1
2
D0Re(λ¯γiζ), (4.31)
δ
(Q)
ζˆ
Fij = −1
2
DiRe(λ¯γjζ) + 1
2
DjRe(λ¯γiζ)− 1
2
ǫijkRe(λ¯γ
kζ), (4.32)
δ
(Q)
ζˆ
λ = −2iF0iγ0iζ + 2iFijγijζ +Dζ, (4.33)
δ
(Q)
ζˆ
λ⊙ = 2iF0iγ0iζ⊙ − 2iFijγijζ⊙ +Dζ⊙, (4.34)
δ
(Q)
ζˆ
D = Im
(
ζ¯γ0
(
D0 − 3i
2
)
λ
)
− 2Im(ζ¯γiDiλ) (4.35)
close according to (4.1). A supersymmetric Lagrangian is
Lg = 1
g2
(
4trF0iF0i − 8trFijFij + itrλ¯γ0D0λ− 2itrλ¯γi
(
Di + 1
8
ǫijkγ
jk
)
λ− trD2
)
.
(4.36)
This Lagrangian the covariantized flat-space Lagrangian. The θ-term
Lθ = θǫijkF0iFjk (4.37)
is separately supersymmetric. For an Abelian gauge group there is a Fayet-Ilioupoulous
term
LFI = κ tr(D −A0). (4.38)
Note that the integral of this Fayet-Ilioupoulous term is actually gauge invariant. How-
ever, this Fayet-Ilioupoulous term modifies the Gauss law constraint drastically by
producing a background charge which can lead to difficulties for the quantum theory.
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4.3 Gauge invariant interactions
Finally we want to couple chiral multiplets to gauge fields. In order to do so we need
to replace all derivatives by covariant ones and introduce a few additional terms to
cancel unwanted contributions. Gauge transformations act on a chiral multiplet in the
representation ρ of the gauge group in the usual way
δ
(g)
Λ (φ, ψ, F ) = (−Λ(ρ)φ,−Λ(ρ)ψ,−Λ(ρ)F ). (4.39)
The action of the Bosonic symmetry is easily generalized
δ
(H)
K0
(φ, ψ, F ) = (K0D0φ,K0D0ψ,K0D0F ), (4.40)
δ
(Ji)
Ki
(φ, ψ, F ) = (KiDiφ,Ki(Di + 1
4
ǫijkγ
jk)ψ,KiDiF ), (4.41)
δ
(J)
Σ (φ, ψ, F ) = (−iqΣφ,−i(q − 1)Σψ,−i(q − 2)ΣF ), (4.42)
where the gauge covariant derivatives are defined as follows
D0φ = ∂tφ+A(ρ)0 φ and Diφ = σ(L)i φ+A(ρ)i φ etc. (4.43)
The supersymmetry transformations then have the form
δ
(Q)
ζ φ = ζ˜ψ, (4.44)
δ
(Q)
ζ ψ =
(
D0 + 3iq
2
)
φγ0ζ⊙ − 2Diφγiζ⊙ + ζF, (4.45)
δ
(Q)
ζ F = −iζ¯γ0
(
D0 + i3q − 5
2
)
ψ + 2iζ¯γiDiψ − 2(ζ¯(λ⊙)(ρ))φ (4.46)
and close according to (4.1).
The supersymmetric matter Lagrangian is
L0 =
(D0 − i3q−22 )φ† (D0 + i3iq−22 )φ− 4Diφ†Diφ− φ†φ
+iψ¯γ0
(D0 + i3q−22 )ψ − 2iψ¯γi (Di + 18ǫijkγjk)ψ + F †F
+2iφ†D(ρ)φ− 2iφ†λ˜(ρ)ψ + 2ψ¯(λ⊙)(ρ)φ,
LW = W ′(φ)F − 12W ′′(φ)ψ˜ψ + h.c.,
(4.47)
where the superpotential W is gauge invariant and has R-charge 2.
4.4 A twist
Since the chiral primaries saturate the BPS bound
H − 3
2
J ≥ 0, (4.48)
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they are the ground states of a twisted theory, where the original Hamiltonian H is
replaced by H ′ = H − 3
2
J . In that twisted theory they can be treated using the
Born-Oppenheimer approximation. The twist is done by simply doing the replacement
λ = e−
3i
2
tλ′, (4.49)
φ = e−
3iq
2
tφ′, ψ = e−
3i(q−1)
2
tψ′ and F = e−
3i(q−2)
2
tF ′ (4.50)
in all expressions. From now on I will only deal with the twisted theory and omit the
primes. The Lagrangians then have the form
Lg = 1
g2
(4trF0iF0i − 8trFijFij) (4.51)
+
1
g2
(
itrλ¯γ0D0λ− 2itrλ¯γi
(
Di + 1
4
ǫijkγ
jk
)
λ− trD2
)
, (4.52)
Lθ = θǫijkF0iFjk, (4.53)
LFI = κ tr(D −A0), (4.54)
L0 = (D0 + i)φ†(D0 − i)φ− 4Diφ†Diφ− φ†φ (4.55)
+iψ¯γ0(D0 − i)ψ − 2iψ¯γiDiψ + F †F (4.56)
+2iφ†D(ρ)φ− 2iφ†λ˜(ρ)ψ + 2ψ¯(λ⊙)(ρ)φ, (4.57)
LW = W ′(φ)F − 1
2
W ′′(φ)ψ˜ψ. (4.58)
Note that the spatial derivatives of the fermions are gauge covariant, but have a differ-
ent connection from the metric connection. This turns out to be more natural in the
twisted theory, since it emphasizes the lowest energy harmonics.
This twisted theory has a supersymmetry algebra of the form
[δ
(Q)
ζˆ1
, δ
(Q)
ζˆ2
] = −2δ(H)
Im(ζˆ†1 ζˆ2)
+ 8δ
(Ji)
Im(ζˆ†1σ
i
(P )
ζˆ2)
. (4.59)
with the time translations just being the appropriate gauge covariant time derivative.
The U(1)R symmetry does not have to be enforced anymore. This allows for inho-
mogeneous superpotentials. The twisted Lagrangians could be derived by superfield
methods with the superspace being the SU(2|1) group manifold.
Those Lagrangians look like Lagrangians of matter coupled to a background U(1)
gauge field. However, this U(1) is typically broken by the superpotential.
In order to calculate the index defined in section 2.3 it is actually more convenient to
twist the theory even more by defining the new Hamiltonian H ′′ = H− 3
2
J−2J3. In this
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twisted theory the index can be calculated using the Born-Oppenheimer approximation
[9]. Using H ′′ as a Hamiltonian amounts to going to a rotating coordinate system on
S3 × IR.
5 Ungauged theories
This section is devoted to the theory of a free chiral multiplet and the Wess Zumino
model. Usually, the Wess Zumino model is not really physical since it is believed to be
IR free, but it is still interesting to demonstrate techniques that lead to the chiral ring.
Furthermore, the Seiberg dual of SU(2) SYM with 3 flavors is a Wess Zumino model
with 15 chiral multiplets. I will count the chiral primaries of that theory in section 6.2.
5.1 Reduction to quantum mechanics
Chiral primaries are zero energy eigenstates of the Hamiltonian H ′ = H− 3
2
J . For this
reason it is useful to reduce the field theory on S3 × IR to a supersymmetric quantum
mechanics. This is done by restricting to the lowest energy modes of the theory.
In a weak coupling limit the potential energy for the chiral bosons is
σ
(L)
i φ
†σ(L)i φ+ φ
†φ. (5.1)
This is minimized for the S-wave mode of φ. The fermion on the other hand minimizes
the potential energy for the SU(2)L doublet mode
σ
(L)
i ψ = 0. (5.2)
With these restrictions the Lagrangian reduces to
L0 = (∂t + i)φ
†(∂t − i)φ− φ†φ+ iψ¯0γ0(∂t − i)ψ0 + F †F,
LW = W
′(φ)F − 1
2
W ′′(φ)ψ˜0ψ0.
(5.3)
The supercharges of the twisted field theory are doublets under the SU(2)L. For
this reason the reduced theory, has to include SU(2)L singlet fields together with their
superpartners which are SU(2)L doublets. The SU(2)L is now an internal symmetry of
the Lagrangian and the supersymmetry algebra still closes as in equation (4.59). The
supersymmetry acts on the fields as
δ
(Q)
ζ φ = ζ˜ψ, (5.4)
δ
(Q)
ζ ψ = ∂tφ γ
0ζ⊙ + ζF, (5.5)
δ
(Q)
ζ F = −iζ¯γ0(∂t − i)ψ. (5.6)
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The time translation is just the derivative ∂t and the SU(2)L rotation acts on ψ as
δ
(Ji)
Ki
ψ =
1
4
ǫijk γ
jk ψ. (5.7)
Note that this mechanics is some mechanics in a rotating frame. It is actually the
mechanics that can be gotten from dimensional reduction of a N = 1, d = 4 theory
to 1 dimension and adding a mass term for the chiral bosons. The supersymmetry
is generated by a time dependent Killing spinor. For this reason the supersymmetry
relates states of different energies. A similar supersymmetric quantum mechanics was
found in [19].
When doing such a reduction, one might be missing fermionic zero modes and asso-
ciated anomalies. In the twisted theory all fields are coupled to a constant background
U(1) gauge field in time direction. All fermions in chiral multiplets have charge 1
2
and
the gauginos have charge −3
2
under that U(1). Since this background U(1) gauge field
is flat and the Pontrjagin class of the curvature of S3 × IR is vanishing, there are no
net fermionic zero modes and the reduction is valid.
5.2 The canonical formalism
The canonical momenta conjugate to φ, ψ are
p = (∂t + i)φ
†, p† = (∂t − i), π = −iψ† (5.8)
and the canonical (anti-) commutation relations are
[φ, p] = −i, [φ†, p†] = −i, {ψα, (ψβ)†} = δβα (5.9)
with all other (anti-) commutators vanishing. The unusual sign in the canonical com-
mutation relations is due to the unitarity requirement of the fermionic sector combined
with supersymmetry.
The Lagrangian then gets Legendre transformed to the Hamiltonian
H = (p− iφ†)(p† + iφ) + ψ†ψ (5.10)
+|W ′(φ)|2 −W ′′(φ)ψ1ψ2 + (W ′′(φ))†ψ†1ψ†2 (5.11)
The U(1)R symmetry generator is
J = −iqpφ+ iqφ†p† − 1
2
(q − 1)(2ψ†0ψ0 − 1l), (5.12)
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the SU(2)L generators are
Ji = −ψ†σi(P )ψ, (5.13)
the supersymmetry generators7 are
Qα = −(p− iφ†)ψα + i(W ′(φ))†ǫαβψ†β (5.14)
and the Fermion number operator is
(−1)F = (−1)ψ†ψ. (5.15)
5.3 The free theory
Let us first consider the theory of a free chiral multiplet. The Hamiltonian is given by
H0 = (p− iφ†)(p† + iφ) + ψ†ψ. (5.16)
this can be analyzed using the creation and annihilation operators
a
†
1 =
1√
2
(p† − iφ), a1 = 1√2(p+ iφ†), [a1, a
†
1] = 1,
a
†
2 =
1√
2
(p− iφ†), a2 = 1√2(p† + iφ), [a2, a
†
2] = 1,
b
†
1 = ψ
†
1, b1 = ψ1, {b1, b†1} = 1,
b
†
2 = ψ
†
2, b2 = ψ2, {b2, b†2} = 1,
(5.17)
with all other (anti-) commutation relations vanishing. Those operators define a Fock
space with a vacuum
a1|0〉 = a2|0〉 = b1|0〉 = b2|0〉 = 0 (5.18)
and states
|n1, n2, η1, η2〉 = 1√
n1!n2!
(a†1)
n1(a†2)
n2(b†1)
η1(b†2)
η2 |0〉. (5.19)
The Hamiltonian can be written as
H0 = 2a
†
2a2 + b
†
1b1 + b
†
2b2 (5.20)
and the U(1)R generator can be written as
J =
2
3
(a†1a1 − a†2a2)−
1
3
(b†1b1 + b
†
2b2). (5.21)
7Note that those generators are almost the generators of usual supersymmetric quantum mechanics,
where the free part of the supercharge −pψα is replaced by −(p− iφ†)ψα.
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The Hamiltonian obviously has the ground states |n1〉0 = |n1, 0,−,−〉
H0|n1〉0 = 0 and J |n1〉0 = 2n1
3
|n1〉0. (5.22)
The Fermion number operator is given by
(−1)F = (1− 2b†1b1)(1− 2b†2b2) (5.23)
which implies that all the ground states are bosons. The chiral primaries are then
counted by the partition function
Zχ(x) =
∞∑
m=0
xm =
1
1− x. (5.24)
The above reasoning can be brought into a more familiar form by expressing the
chiral primary states in terms of chiral operators φ
|n1〉0 = 1√
n1!
(−
√
2iφ)n1 |0〉. (5.25)
Then the chiral primary states are just polynomials in φ as expected.
5.4 The Wess-Zumino model and the chiral ring
We have seen in section 4.4 that the superpotential of the twisted theory can be de-
formed to an inhomogeneous one. The classical BPS equations then imply
∂tφ = 0 and W
′(φ) = 0. (5.26)
For this reason the classical theory has n distinct supersymmetric vacua with a mass
gap. This indicates that the theory has n chiral primaries, all of the same fermion
number similar as in [8]. However, it is impossible to see the U(1)R charges of those
vacua with this method. To determine those, let us stay with the homogeneous super-
potential and find solutions to the quantum BPS equations. This will also make a very
natural connection with the chiral ring.
Chiral primaries satisfy
Ji|Ω〉 = 0. (5.27)
Using J3 implies that any chiral primary is a linear combination of states of the form
|m1, m2,−,−〉 and |m1, m2,+,+〉 in the Fock space, they are SU(2)l singlets. Let us
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actually split the Hilbert space into a subspace H(+) of states which are SU(2)l singlets
and a subspace H(−) of states which are SU(2)l doublets
H = H(+) ⊕H(−). (5.28)
The supersymmetry generators (Qα)
† are nilpotent operators of grade one in the above
grading. The kernel and the image of (Q1)
† and (Q2)† inside H(+) agree. Furthermore
H = {Q1, (Q1)†} (5.29)
inside H(+). For this reason the zero modes of the Hamiltonian are harmonic repre-
sentatives of the cohomology of (Q1)
† inside H(+). This means that in order to count
chiral primaries it is enough to count SU(2)l invariant cohomology classes of (Q1)
†.
The supercharge (Q1)
† can be written as
(Q1)
† = −
√
2a2b
†
1 − iW ′
(
a2 − a†1√
2i
)
b2. (5.30)
It is clear that the states |m, 0,−,−〉 are (Q1)†-closed, using the result of the last
section those states can be written as
φm|0〉. (5.31)
Also, it is clear that states of the form
W ′(φ)φm|0〉 (5.32)
are (Q1)
†-exact. For this reason the cohomology of (Q1)† inside H(+) is described by
polynomials in φ modulo W ′(φ), which is the chiral ring, as expected.
Note that the states φm|0〉 are in general not the harmonic representatives of the
cohomology classes, i.e. they are not the chiral primaries. In order to prove that this
is all of the cohomology, one can note that number of chiral primaries gotten in this
way agrees with the classical argument. One can also use spectral sequence arguments
like in [20].
All the chiral primaries have the fermion number 0 and are counted by
Zχ(x) =
n−1∑
m=0
x
3m
n+1 =
1− x 3nn+1
1− x 3n+1
. (5.33)
The chiral primaries are all generated by φ, which has quantum numbers (1, 1) under
SU(2)L×SU(2)R. For this reason all the chiral primaries are singlets under the SU(2)R.
In order to get chiral primaries of different spins, we will need to go to gauge theories.
22
6 Gauge theories and the chiral ring
The supersymmetric quantum mechanics of the last section was actually not gotten by
a proper Kaluza Klein reduction, but by consistent truncation. Since the supercharge
does not commute with the Hamiltonian, one always has to keep massive superpartners
of massless fields in order to get a supersymmetric theory. For gauge theories there
does not seem to be a consistent truncation to quantum mechanics. However, we
will use some of the technology of the last section and the chiral ring to find chiral
primaries. The chiral ring that we are deriving here is similar to the chiral ring in flat
space [21, 11, 22], however it does not agree with it. For example the multi fermion
operators derived in [23] are not present in the chiral ring on S3 × IR. In flat space
the chiral ring is used to describe supersymmetric vacua [24] similarly on S3 × IR the
chiral ring can be used to describe chiral primaries8.
6.1 The chiral Ring
In the last section we used the following two properties of chiral primaries: They are
invariant under the SU(2)L and they are elements of the Q
†
1 cohomology. We will make
use of those properties to deal with gauge theories.
All SU(2)L invariant Q
†
1 closed states are also Q
†
2 closed. Furthermore any SU(2)L
invariant Q†1 exact state is also Q
†
2 exact. From this we conclude that the SU(2)L
invariant subsector of the Q†1 cohomology and the Q
†
2 cohomology agree. For this
reason we can restrict ourselves to the Q†1 cohomology
9 H•(Q†1).
In the SU(2)L invariant sector of the Hilbert space the Hamiltonian can actually
be written as
H = {Q1, Q†1} (6.1)
and zero energy eigenstates of the Hamiltonian again are in one to one correspondence
with the SU(2)L invariant sector of the Q
†
1 cohomology H
0(Q†1): For every cohomology
representative |Ω〉0 ∈ H0(Q†1), H|Ω〉0 is Q†1 exact, there is a harmonic representative
|Ω〉0 ∈ H0(Q†1) in the cohomology class of |Ω〉0 and every state that is annihilated by
H is Q†1 closed. This means that the zero energy eigenstates of H can be represented
by elements of H0(Q†1).
8The number of elements in the chiral ring of flat space has been counted in [25].
9This is actually a better situation than for the chiral ring in Minkowski space.
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The full Q†1 cohomology H
•(Q†1) actually describes the short representations of
SU(2|1) and the index is the Euler character of the full cohomology [9].
The discussion above also shows the the elements of H0(Q†1) are invariant under
space time translations, just as elements of the chiral ring of theories in flat space are.
In order to construct H0(Q†1) it is useful to use the Born-Oppenheimer approxima-
tion. In a weakly coupled theory the zeroth order approximation to the zero energy
eigenstates of H can be constructed by restricting the field theory to the massless
modes of the fields. The gauge field on S3× IR has no massless mode, neither have the
fermions ψ. The only massless modes are the (1, 2) harmonic of the gaugino λα and
the (1, 1) harmonic of the scalar φ and their conjugates. We will denote those lowest
harmonics of λα and φ by λα and φ. It is easy to see that those satisfy
{Q†1, λα} = 0 and [Q†1, φ] = 0, (6.2)
even for non vanishing coupling, whereas their conjugates are not Q†1 closed. For this
reason the elements of H0(Q†1) can be represented by gauge invariant expressions made
out of λα and φ acting on the vacuum modulo relations which show that some of those
states are Q†1 exact. Note that those cohomology representatives are in general not the
harmonic ones for interacting theories.
This construction agrees with the operator state correspondence of conformal field
theories. This is that chiral primaries can be described by gauge invariant polynomials
in λα and φ acting on the unique conformal invariant vacuum.
The canonical commutation relations together with translation invariance imply
the relations
{λα, λβ} = 0, [λα, φ] = 0 and [φ, φ] = 0 (6.3)
in the chiral ring. Furthermore, by varying the elementary fields and their canonical
conjugates, one also gets the relations
F † = W ′(φ) = 0 and λ(R)α φ
(R) = 0 (6.4)
in the chiral ring10, where in the second equation the gaugino is acting on a matter
field in a given representation R. There might be further perturbative relations in
10The first relation is actually a classical relation and typically gets modified. In a regime where
matter fields are integrated out it is replaced by the generalized Konishi anomaly [11, 22].
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the chiral ring, which are more model specific. Those perturbative relations might get
nonperturbative corrections.
In the weak coupling nonperturbative corrections are due to instanton effects. On
Euclidean S3 × S1 one can indeed construct instanton configurations. The index is
the partition function on S3 × S1 with periodic boundary conditions on the fermions
and no other operator insertions, for this reason it shouldn’t receive any nonperturba-
tive corrections. The partition function for chiral primaries, however has a projection
operator on chiral primaries inserted and might receive instanton corrections.
This can be formulated in a different way. The only thing that matters about chiral
ring relations for counting chiral primaries, is where the chiral ring gets truncated. This
should not be affected by deformations of the relations due to nonperturbative effects.
For example in a pure N = 1 super Yang Mills theory in flat space there is the
perturbative chiral ring relation [11]
SNc = 0, (6.5)
where S = trλ1λ2 is the gaugino bilinear. This gets modified by nonperturbative effects
to
SNc = Λ3Nc . (6.6)
In both cases the relation truncates the chiral ring at the same point.
On the other hand, the chiral primaries behave similar to vacua in flat space. There
are cases know in flat space where vacua are destabilized by nonperturbative effects
[26]. There the chiral ring constraints have no solution. Here, however we assume the
existence of a conformally invariant vacuum and we create chiral primaries by acting
with the harmonic representatives of the chiral ring.
The example in the next section seems to suggest that our method of counting
chiral primaries works fairly well.
All the arguments presented here only depend on the symmetry group SU(2|1) and
not on the full superconformal group. For this reason it might be interesting to extend
this analysis to non-conformal theories on S3 × IR.
6.2 Seiberg duality for SU(2) super Yang Mills theory with 3 flavors
For a SU(2) super Yang Mills theory with 3 flavors we can actually count the chiral
primaries. The fundamental and the antifundamental representations are the same
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which means that there are 6 fundamental matter fields q all with U(1)R charge
2
3
.
Using the properties of group characters (see appendix A of [27])
nsinglet =
∫
G
[dg]
∏
i
χRi(g) (6.7)
and
∞∑
n=0
x
n
2 χsymn(R)(g) = exp
( ∞∑
l=1
x
l
2
l
χR(g
l)
)
(6.8)
we can count the chiral primaries made of just matter fields. Their number is given by
the matrix integral
Zχ,M(x) =
∫
SU(2)
[dg] exp
(
6
∞∑
l=1
x
l
2
l
χf (g
l)
)6
. (6.9)
Going to an eigenvalue basis for this matrix integral introduces a measure factor
Zχ,M(x) =
2
π
pi∫
ϕ=0
sin2 ϕdϕ exp
(
12
∞∑
l=1
x
l
2
l
cos(lϕ)
)6
=
2
π
pi∫
ϕ=0
sin2 ϕdϕ
(1− 2√x cosϕ+ x)6
(6.10)
This integral can be solved
Zχ,M(x) =
1 + 6x+ 6x2 + x3
(1− x)9 . (6.11)
The Seiberg dual [28, 23] has a trivial, gauge group. This means that it is a Wess
Zumino model with dual ’meson’ matter fieldsM ij in the antisymmetric representation
of the SU(6) flavor group. The superpotential is
W = ǫi1···i6M
i1i2M i3i4M i5i6 . (6.12)
This imposes the chiral ring relations
ǫi1···i6M
i3i4M i5i6 = 0. (6.13)
The dual ’meson’ matter fields can be represented in terms of Young tableaux as
(6.14)
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The n-th excited level is described by the symmetric product of the dual ’meson’
matter fields. The superpotential constraint is that every term in the expansion of
the symmetric product in young tableaux containing 4 or more boxes in one column
is actually vanishing. Furthermore the symmetric product implies that the height of
each column in a young tableaux is a multiple of 2. For this reason the only young
tableaux contributing is
symn
( )
mod (dW = 0) = · · ·
︸ ︷︷ ︸
n
(6.15)
This representation has dimension
d(n) =
(n + 5)! (n+ 4)!
5! 4! (n+ 1)!n!
(6.16)
and the chiral primaries are counted by
Zχ(x) =
∞∑
n=0
d(n)xn =
1 + 6x+ 6x2 + x3
(1− x)9 . (6.17)
This shows that the number of chiral primaries is preserved under Seiberg duality as
long as on the gauge theory side of the duality only matter fields are taken into account.
Because of the relation (6.4) the gauginos on the gauge theory side can only con-
tribute in terms of gaugino bilinears (see [29]). Furthermore there is the perturbative
chiral ring relation
S2 = 0. (6.18)
This is not good enough yet. However, the R-charges and flavor symmetry allow for
an extra chiral ring relation of the form
S ∼ Pf(q · q). (6.19)
Perturbatively the right hand side is vanishing since the matrix q · q has only rank 2.
Nonperturbatively this relation can make sense. As of now I was not able to prove
such a relation, but it seems to be important for Seiberg duality to work.
6.3 Seiberg duality in the conformal window
In the conformal window 3Nc
2
≤ Nf ≤ 3Nc Seiberg duality [28] is the statement that
two different gauge theories in the UV, an ’electric’ theory and a ’magnetic’ theory
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flow in the IR to the same fixed point. The ’electric’ theory is a SU(Nc) SYM with
Nf flavors Qi and Q˜
i, whereas the ’magnetic’ theory is a SU(Nf −Nc) SYM with Nf
flavors qi and q˜
i and N2f singlet fields Mi
j with a superpotential
W = q˜iMi
jqj . (6.20)
For such theories it seems to be much harder to count chiral primaries. In the UV is
fairly clear which gauge invariant expressions in terms of chiral operators are supposed
to be mapped to each other under Seiberg duality. This map was made much more
profound in the full gauge theory in [21] for matter fields and for the gaugino bilinear.
It is however less clear which chiral ring relations map to each other under Seiberg
duality. Especially, when the gauginos are included, there appears a similar problem
as in the previous section: On the electric side of the duality, there is the perturbative
relation
SNce = 0, (6.21)
whereas on the magnetic side there is a similar relation
S
Nf−Nc
m = 0. (6.22)
Furthermore the electric gaugino bilinear Se and the magnetic gaugino bilinear Sm are
proportional to each other. In order for the chiral rings on both sides of the duality to
truncate at the same point, there have to be relations of the form
S
Nf−Nc
e ∼ det(q˜q) and SNcm ∼ det(Q˜Q) (6.23)
or something similar. Again the right hand sides are vanishing perturbatively, but
might be nonvanishing by nonperturbative effects.
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A Some conventions
In this appendix I set up some conventions for spinors and list some useful relations
which are needed to prove the closure of the supersymmetry algebra and the invariance
of Lagrangians under supersymmetry transformations. Pauli matrices are given by
σ1(P ) =
1
2
(
0 1
1 0
)
, σ2(P ) =
1
2
(
0 −i
i 0
)
, σ3(P ) =
1
2
(
1 0
0 −1
)
. (A.1)
and satisfy the identity
δαβ δ
γ
δ =
1
2
δαδ δ
γ
β + 2
∑
i
σi(P )
α
δ σ
i
(P )
γ
β. (A.2)
In the (−+++) metric convention the gamma matrices can be chosen as
γ0 =
(
0 −1l
1l 0
)
, γi = 2
(
0 σi
σi 0
)
. (A.3)
γ5 = iγ0123 =
(
1l 0
0 −1l
)
(A.4)
In those conventions the Hermitean conjugation is given by
(γµ)† = −CγµC−1 with C = γ0 and ζ¯ = ζ†C, (A.5)
the transpose is given by
(γµ)t = DγµD−1 with D = γ135 and ζ˜ = ζ tD (A.6)
and the complex conjugate is given by
(γµ)∗ = −BγµB−1 with B = γ2 and ζ⊙ = B−1ζ∗. (A.7)
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Chiral spinors satisfy the relations
γ5ζ = ζ, (A.8)
ζ¯1γ
0ζ2 = −ζˆ†1 ζˆ2, (A.9)
ζ¯1γ
iζ2 = −2ζˆ†1σi(P )ζˆ2, (A.10)
ζ˜2γ
µζ⊙1 = iζ¯1γ
µζ2, (A.11)
ζ˜1ζ2 = ζ˜2ζ1, (A.12)
ǫijkγ
jkψ = −2iγ0iψ (A.13)
and the Fierz identities
ζ⊙1 (ζ˜2ψ) = −
i
2
(ζ¯1γνζ2) γ
νψ, (A.14)
ζ1 (ζ¯2γ
µψ) = −1
2
(ζ¯2γνζ1) γ
νγµψ, (A.15)
ζ1 (ζ˜2ψ) = −1
2
(ζ˜2ζ1)ψ − 1
2
(ζ˜2γ
0iζ1) γ
0iψ. (A.16)
B Invariant forms and Killing vectors on SU(2)
The left invariant 1-forms on SU(2) are given by
σ1(L) = cosϕ3 dϕ1 + sinϕ3 sinϕ1 dϕ2, (B.1)
σ2(L) = sinϕ3 dϕ1 − cosϕ3 sinϕ1 dϕ2, (B.2)
σ3(L) = cosϕ1 dϕ2 + dϕ3, (B.3)
they satisfy
dσi(L) =
1
2
ǫijk σ
j
(L) ∧ σk(L). (B.4)
The dual vectors are the Killing vectors for right multiplication
σ
(R)
1 = cosϕ3 ∂ϕ1 +
sinϕ3
sinϕ1
∂ϕ2 − sinϕ3 cotϕ1 ∂ϕ3 , (B.5)
σ
(R)
2 = sinϕ3 ∂ϕ1 −
cosϕ3
sinϕ1
∂ϕ2 + cosϕ3 cotϕ1 ∂ϕ3 , (B.6)
σ
(R)
3 = ∂ϕ3 , (B.7)
they satisfy
[σ
(R)
i , σ
(R)
j ] = −ǫijk σ(R)k and £σ(R)i σ
j
(L) = −ǫijk σk(L) (B.8)
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Similarly, the right invariant 1-forms are
σ1(R) = cosϕ2 dϕ1 + sinϕ2 sinϕ1 dϕ3, (B.9)
σ2(R) = sinϕ2 dϕ1 − cosϕ2 sinϕ1 dϕ3, (B.10)
σ3(R) = cosϕ1 dϕ3 + dϕ2 (B.11)
and the dual vectors to those are the Killing vectors for left multiplication
σ
(L)
1 = cosϕ2 ∂ϕ1 +
sinϕ2
sinϕ1
∂ϕ3 − sinϕ2 cotϕ1 ∂ϕ2 , (B.12)
σ
(L)
2 = sinϕ2 ∂ϕ1 −
cosϕ2
sinϕ1
∂ϕ3 + cosϕ2 cotϕ1 ∂ϕ2 , (B.13)
σ
(L)
3 = ∂ϕ2 , (B.14)
they satisfy
dσi(L) =
1
2
ǫijk σ
j
(L) ∧ σk(L), (B.15)
[σ
(R)
i , σ
(R)
j ] = −ǫijkσ(R)k , (B.16)
£
σ
(L)
i
σ
j
(R) = −ǫijk σk(R) (B.17)
and
[σ
(L)
i , σ
(R)
j ] = 0, (B.18)
£
σ
(L)
i
σ
j
(L) = 0, (B.19)
£
σ
(R)
i
σ
j
(R) = 0. (B.20)
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